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Abstract 

We construct groups G that are virtually torsion-free and have virtual 
cohomological dimension strictly less than the minimal dimension for any 
model for SG, the classifying space for proper actions of G. They are the 
first examples that have these properties and also admit cocompact models 
for SG. We exhibit groups G whose virtual cohomological dimension 
and Bredon cohomological dimension are two that do not admit any 2- 
dimensional contractible proper G-CW-complex. 

1 Introduction 

If G is a virtually torsion-free group, the virtual cohomological dimension vcdG, 
is defined to be the cohomological dimension of a torsion-free finite-index sub¬ 
group H < G, a lemma due to Serre shows that this is well defined [7l VIIL3.1]. 
Now suppose that X is a contractible G-CW-complex that is proper, in the sense 
that all cell stabilizers are finite. In this case any torsion-free subgroup H will 
act freely on X and so X/iJ is a classifying space or Eilenberg-Mac Lane space 
BH for H. In particular, vcdG provides a lower bound for the dimension of 
any such X. K. S. Brown asked whether this lower bound is always attained 0 
ch. 2] or m VIII.ll]: 

Brown’s Question (Weak Form). Does every virtually torsion-free group G 
admit a contractible proper G-CW-complex of dimension vcdG? 

Until now, this form of Brown’s question has remained unanswered. We give 
examples of groups G with vcdG = 2 that do not admit any 2-dimensional 
contractible proper G-CW-complex in Theorem 11.31 below. 

One reason why this question has been so elusive is that there are many dif¬ 
ferent equivariant homotopy types of contractible proper G-CW-complexes. The 
most natural example is the classifying space for proper G-actions, EG, which 
plays the same role in the homotopy category of proper G-CW-complexes as EG 
plays for free G-CW-complexes. A model for EG is a proper G-CW complex X 
such that for any finite F < G, the E-fixed point set is contractible. Such 
an X always exists, and is unique up to equivariant homotopy equivalence. Let 
gdG denote the minimal dimension of any model for EG. 

The version of Brown’s question that concerns EG [S ch. 2] or [3 VIII.ll] 
is usually asked in the form: 
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Brown’s Question (Strong Form). Does gdG = vcdG for every virtually 
torsion-free G? 

We prefer to split this question into two separate questions. There is an alge¬ 
braic dimension cdG that bears a close relationship to gdG, analogous to the 
relationship between cohomological dimension and the minimal dimension of an 
Eilenberg-Mac Lane space. It can be shown that cdG = gdG except that there 
may exist G for which cdG = 2 and gdG = 3, and cdG is an upper bound for 
the cohomological dimension of any torsion-free subgroup of G ESI. In view 
of this we may split the strong form of Brown’s question into two parts, one 
geometric and one algebraic. 

Does there exist G for which gdG ^ cdG? 

Does there exist virtually torsion-free G for which cdG > vcdG? 

Examples of virtually torsion-free groups G for which gdG = 3 and cdG = 2 
were given in [5] . These groups G are Coxeter groups. Examples of G for which 
cdG > vcdG were given in m, and more recently in El US]. The advantage 
of the examples in El US] is that in some sense they have the least possible 
torsion. For any virtually torsion-free G, it can be shown that cdG is bounded 
by the sum vcdG -I- i{G), where i{G) is the maximal length of a chain of non¬ 
trivial finite subgroups of G [201 6.4]. This bound is attained for the examples 
in El in but not for the examples in m- To date, all constructions of groups G 
for which cdG > vcdG have used finite extensions of Bestvina-Brady groups [1] , 
and none of these groups G admit a cocompact model for EG. One of our main 
results is the construction of virtually torsion-free G admitting a cocompact 
EG for which cdG > vcdG. Amongst our examples, the easiest to describe are 
extensions of a right-angled Coxeter group by a cyclic group of prime order. 
By taking instead a cyclic extension of a torsion-free finite index subgroup of 
the same Coxeter group we obtain examples with cocompact EG and for which 
cdG = vcdG-f £(G). 

We say that a simplicial action of a group on a simplicial complex is admis¬ 
sible if the setwise stabilizer of each simplex equals to its pointwise stabilizer. 
Many of the other terms used in the statements of our main theorems will be 
defined below. 

Theorem 1.1. Let L be a finite n-dimensional acyclic flag complex with an 
admissible simplicial action of a finite group Q, and let Wl be the corresponding 
right-angled Coxeter group so that Q acts as a group of automorphisms ofWL- 
Let N be any finite-index normal subgroup of Wl such that N is normalized 
by Q, and let G be the semidirect product iV x Q. This G admits a cocompact 
model for EG. Let E®™® denote the subcomplex of L consisting of points with 
non-trivial stabilizer in Q. 

If H'^{L, E®'"®) 7 ^ 0, then cdG = n -I- 1 and vcdG < n. 

Now suppose that Li, Qi, Ui, Ni, Wi and Gi are as above for i = 1,... ,m, 
and letT := Gi X • • • x Gm- As before, there is a cocompact model for ET, and 

m mm 

if H^flLi,L^™^) 7 ^ 0, then cdF = m-1- and vcdF < Uj. 
i—1 i—1 i—1 
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Furthermore vcdG = n if either L is a harycentric subdivision or L®'"® is 
a full subcomplex of L. Similarly, vcdF = 'If for each i, either Li is a 

barycentric subdivision or is a full subcomplex of Li. 

Corollary 1.2. For each m > 1 there exists a virtually torsion-free group 
admitting a cocompact ETm and such that 

cdFm = 3m > vcdFm = 2m. 

For each m > 1 there exists a virtually torsion-free group admitting a 
cocompact and such that 

cdAm = 4m = vcdAm + > vcdA^ = 3m. 

Furthermore, A^ may he chosen so that either every finite subgroup is cyclic or, 
for any fixed prime q, every nontrivial finite subgroup is abelian of exponent q. 

In contrast to the above results, Degrijse and Martinez-Perez have shown 
that vcdG = cdG for a large class of groups that contains all (finitely generated) 
Coxeter groups m- 

Theorem 1.3. Suppose that L is a finite 2-dimensional acyclic flag complex 
such that the fundamental group of L admits a non-trivial unitary representation 
p : 7ri(L) —>■ Lfin) for some n. Then vcdWL = cAWt. = 2, there is a cocompact 
3-dimensional model for EWlj and yet there exists no proper 2-dimensional 
contractible WL-CW-complex. 

Theorem ll.3l strengthens a result from [2], and gives the first negative answer 
to the weak form of Brown’s question. A different argument was used in [2] to 
show that cdWr. = 2 < gdWr = 3 for some of the flag complexes L that appear 
in Theorem 11.31 

We remark that finitely generated Coxeter groups are linear over Z [5], and 
that this property passes to subgroups and to finite extensions. Hence all of 
the groups appearing in the above statements are linear over Z. As will be 
seen from the proofs, each group appearing in our statements acts properly 
and cocompactly on a CAT(O) cube complex; in particular they are all CAT(O) 
groups. A right-angled Coxeter group Wl is (Gromov) hyperbolic if and only 
if L satisfies the flag-no-square condition. Hyperbolicity passes to finite index 
subgroups and finite extensions. Since any 2- or 3-dimensional flag complex 
admits a flag-no-square subdivision mus] it follows that the groups Fi and 
Ai in Corollary 11.21 and the groups Wl in Theorem 11.31 may be taken to be 
hyperbolic (and CAT(—1), a possibly stronger property) in addition to their 
other stated properties. 

2 Classifying spaces and Bredon cohomology 

The algebraic analogs of the geometric finiteness properties exhibited by clas¬ 
sifying spaces of groups for families of subgroups are formulated using Bredon 
cohomology. This cohomology theory was introduced by Bredon in [3] for finite 
groups and was generalised to arbitrary groups by Liick (see m)- 

Let G be a discrete group. A family of subgroups of G is a non-empty 
set of subgroups which is closed under conjugation and taking subgroups, in 
the sense that it H G iF, g € G and K < H, then K G iF and gHg~^ G T. 
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The orbit category Oj^G is the category with objects the left cosets G/H for 
all i/ G and morphisms all G-equivariant functions between the objects. In 
OjrG, every morphism (f : G/H G/K is completely determined by (p{H), 
since (p{xH) = x(p{H) for all x G G. Moreover, there exists a morphism 

G/H ^ G/K : H ^ xK 


if and only if x~'^Hx C K. 

An OjrG-module is a contravariant functor M : Oj^G —> Z-mod. The cat¬ 
egory of OjrG-modules is denoted by Mod-Oj^G. By definition, it has as ob¬ 
jects all GjrG-modules and as morphisms all natural transformations between 
these objects. The category Mod-G^G is an abelian category that contains 
enough projectives and so one can construct bi-functors ExtQ^Q^—,—) that 
have all the usual properties. The n-th Bredon cohomology of G with coeffi¬ 
cients M G Mod-OjrG is by definition 

H^(G;M) = Ext^^am,^), 

where Z is the constant functor, which sends each object to Z and each mor¬ 
phism to the identity map on Z. There is also a notion of Bredon cohomological 
dimension of G for the family J-, denoted by cdjr(G) and defined by 

cd^(G) = sup{n gN\3M G Mod-O^G : H>(G; M) ^ 0}. 

When T is the family of finite subgroups, then H5r(G, M) and cdj^G are 
denoted by H*(G, M) and cdG. respectively. Since the augmented cellular chain 
complex of any model for Ej^G yields a projective resolution of Z that can be 
used to compute H5r(G;—), it follows that cd^(G) < gd_p(G). Moreover, it is 
known (see for example [231 0.1]) that 

cdjF(G) < gd_ 7 r(G) < max{3,cdjr(G)}. 

For any ZG-module M, one may define an GjrG-module M by 
M{G/H) = HomG(Z[G/id],M); 

note that this is compatible with the notation Z introduced earlier and that this 
functor is isomorphic to the fixed-point functor 

M- : Oj^G Z-mod : G/H ^ M^. 

For any G-CW-complex X with stabilizers in it can be shown that Bre¬ 
don cohomology with coefficients in M_ is naturally isomorphic to the ordinary 
equivariant cohomology of X with coefficients in M: H/r(X: M) = Hq{X; M). 
This follows because the adjointness of the restriction and coinduction functors 
between ZG-mod and Mod-Oj^G associated to the functor 

G = G{e}G ^ O^G : G/{e} ^ G/{e} 
gives an isomorphism of cochain complexes 

Hom^(Gf(A),M) =^HomG(G4A),M). 
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A subfamily of a family of subgroups of G is another family Q G T. For 
a subfamily Q and a G-CW-complex X with stabilizers in F, the ^-singular 
set is the subcomplex consisting of points of X whose stabilizer is not 

contained in Q. When Q consists of just the trivial subgroup this is the usual 
singular set and we write AT®™® for 

Given a ZG-module M and a subfamily Q of F, we define two further Oj^G- 
modules: a submodule of M, and the corresponding quotient module 

if H^g, 
if H^g, 

if H^g, 
if H^g. 

By construction there is a short exact sequence of GjrG-modules 

M<e ^ M>e- 

Hence, there is a short exact sequence of cochain complexes 

0 ^ Hom^(Gf (X),M<g) ^ Hom^(Gf (X),M) ^ Hom^(Gf (X), ^ 0 

which gives rise to a long exact sequence in Bredon cohomology. By construction 

Hom^(Gf (X),M>g) ^ Hom^(Gf 

and by adjointness isomorphism noted earlier 

Hom^(Gf ^ liomG{G4X^-‘^'’^^),M). 

It follows that there is a natural identification between Bredon cohomology with 
coefficients in and the equivariant cohomology of with coefficients 

in M: 

we deduce that the Bredon cohomology with coefficients in is isomorphic 

to the equivariant cohomology of the pair (AT, with coefficients in M: 

H*AX;M^g) - 

Hence we obtain the following. 

Proposition 2.1. Let F be a family of subgroups of G, with g a subfamily, let X 
be any model for Ej^G, and let H be a finite-index subgroup ofG. There exists an 
Oj^G-module module C such that the Bredon cohomology of the group G with co¬ 
efficients in C computes the ordinary cohomology of the pair (Al/iJ, 

HAG;C) ^ 

Furthermore, each abelian group C{G/K) is finitely generated. 

Proof. Let M be the permutation module Z[G/iL], and let C := M.<g- Then 

HAG;C) ^ HAX;C) ^ Z[G/H]) 

^ Hf^ix, a:^-"“s. ^ H*{X/H, A:^-™s/H; Z), 

where the first two isomorphisms follow from the discussion above and the third 
because FI has finite index in G. □ 


M_.^g. These are defined by 

Homc(Z[G/ll],M) 
K<g ■■ G/H ^ I HomG(Z[G/iL],M) 
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3 Right-angled Coxeter groups 

In this section we describe the results that we require concerning right-angled 
Coxeter groups and the Davis complex. The material up to and including Corol¬ 
lary [3IS1 is standard; for more details we refer the reader to El or nni- 

A right-angled Coxeter system consists of a group W called a right-angled 
Coxeter group together with a set S of involutions that generate W, subject 
to only the relations that certain pairs of the generators commute. We will 
always assume that S is finite. The defining relators have the forms = 1 and 
stst = 1 where s G S and t ranges over some subset of S depending on s. Since 
each relator has even length as a word in the elements of S', one may define a 
group homomorphism from W to the cyclic group Z/2 by ui ^ 

where l{w) € Z denotes the length of le as a word in S, and [?(w)] its image in 
Z/2. The kernel of this homomorphism will be denoted and consists of the 
elements of W that are expressible as words of even length in the elements of S. 
The right angled Coxeter system (VT, S) is determined by the graph L^{W,S) 
with vertex set S and edges those pairs of vertices that commute. Equivalently, 
the right-angled Coxeter system is determined by the flag complex L{W, S) with 
vertex set S and simplices the cliques in the graph L^{W, S). 

Given a right-angled Coxeter system (W, S), the Davis complex S(IT, S) can 
be realized as either a cubical complex, or as a simplicial complex which is the 
barycentric subdivision of the cubical complex. The simplicial structure is easier 
to describe, so we consider this first. A spherical subset T of S' is a subset whose 
members all commute; equivalently T is either the empty set, or a subset of S 
that spans a simplex of L{W, S). A special parabolic subgroup of W is the sub¬ 
group of W generated by a spherical subset T. We denote the special parabolic 
subgroup generated by T by Wt- A parabolic subgroup of W is a conjugate of a 
special parabolic subgroup. The set of cosets of all special parabolic subgroups 
forms a poset, ordered by inclusion, and the simplicial complex E(IT, S) is the 
realization of this poset. By construction, W acts admissibly simplicially on 
S(W, S') in such a way that each stabilizer subgroup is parabolic. 

If r is a spherical subset of S, then the subposet of cosets contained in 
Wt is equivariantly isomorphic to the poset of faces of the standard |r|-cube 
[—1,1]^, with the group Wt = Cj acting via reflections in the coordinate 
hyperplanes. In this way we obtain a cubical structure on E(W, S), in which the 
n-dimensional subcubes correspond to cosets wWt with |T| = n. The setwise 
stabilizer of the cube wWt is the parabolic subgroup wWtw~^, which acts on 
the cube in such a way that the natural generators wtw~^ act as reflections 
in the coordinate hyperplanes. The simplicial complex described above is the 
barycentric subdivision of this cubical complex. 

If we view every simplicial complex as containing a unique — 1-simplex cor¬ 
responding to the empty subset of its vertex set, then we get a natural bijective 
correspondence between the W-orbits of cubes in S(IT, S) and the simplices 
of L{W, S) which preserves incidence (the empty simplex corresponds to the 
0-cubes). Hence we obtain: 

Proposition 3.1. There is a natural bijection between subcomplexes of the sim¬ 
plicial complex L[W^ S) and non-empty W-invariant subcomplexes of the cubical 
complex S(IT, S). 

To show that S(IT, S) is a model for EW, metric techniques are helpful. 
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There is a natural CAT(0)-metric on I](W,5'), which is best understood in 
terms of the cubical structure. The length of a piecewise linear path in Yj{W, S) 
is defined using the standard Euclidean metric on each cube, and the distance 
between two points of E(W, S) is the infimum of the lengths of PL-paths con¬ 
necting them. According to Gromov’s criterion E(W,S') is locally CAT(O) 
because the link of every vertex is isomorphic to L{W^ S) which is a flag complex 
(see nulls]). It is easy to see that S(W, S) is simply connected (for example, 
because its 2-skeleton is a version of the Cayley complex for W), and it follows 
that E(W,S') is CAT(O) [5] Theorem II.4.1]. Given that W acts isometrically 
with finite stabilizers on E(IT, S) it follows that E(IE, S) is a model for EW via 
the Bruhat-Tits fixed point theorem [5] p. 179] or [U Prop. 3]. 

Lemma 3.2. Every finite subgroup ofW is a subgroup of a parabolic subgroup 
ofW. In particular, there are finitely many conjugacy classes of finite subgroups 
ofW and every finite subgroup is isomorphic to a direct product for some 

0 < k < n where n is the dimension of E(1T, S). 

Proof. Let F be a finite subgroup of W. By the Bruhat-Tits fixed point theorem 
E fixes some point of E, and hence F is a subgroup of a point stabilizer. Every 
such subgroup is parabolic, and each is conjugate to one of the finitely many 
special parabolics. □ 

Recall that a group is said to be of type E if it admits a compact classifying 
space. 

Corollary 3.3. The commutator subgroup W of W is a finite-index torsion- 
free subgroup of type F. 

Proof. The abelianization of W is naturally isomorphic to Cf. Every parabolic 
subgroup of W maps injectively into Cf. It follows that W' acts freely on the 
finite-dimensional contractible space E. Hence HjW is a compact K{W',1), 
from which it follows that W' is both type F and torsion-free. □ 

Lemma 3.4 ([2])- The quotient of the pair (E, E®“sj i)y pp ig isomorphic to the 
pair (CL',L'), i.e., the pair consisting of the cone on the barycentric subdivision 
of L and its base. This isomorphism is natural for automorphisms of L. If L is 
acyclic then so is E®“s_ jy 7 ^ jg simply-connected, then so is E®“s_ 

Proof. The first part is clear from the simplicial description of E. Now let V be 
the unique free kP-orbit of vertices in the simplicial description of E. The star 
of each z; S R is a copy of the cone CL', with v as its apex. The subcomplex 
of E consisting of all simplices not containing any vertex of V is E®'”®. Hence 
E is obtained from E®“® by attaching cones to countably many subcomplexes 
isomorphic to L'. 

In the case when L is acyclic, attaching a cone to a copy of L' does not 
change homology. It follows that E®™® must be acyclic since E is. Similarly, if 
L is simply-connected, then attaching a cone to a copy of L' does not change 
the fundamental group, so E®'"s nr^st be simply-connected since E is. □ 

Now suppose a finite group Q acts by automorphisms on L(W,S). This 
defines an action of Q on W, and hence a semidirect product C = W xi Q. 

Lemma 3.5. There is an admissible simplicial G-action on E(IR, S') extending 
the action of W, and E(1R, S) becomes a cocompact model for ^G. 
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Proof. The action of Q on the poset underlying S(1T, S) is defined in such a 
way that q € Q sends the coset wWt to the coset <z(w)lTg(T)- This combines 
with the IT-action to give an admissible G-action on I](1T, S'). Since I](1T,S) 
is CAT(O) and the stabilizers are finite it follows that S(fT, S) is a model for 
EG. □ 

Corollary 3.6. Any finite-index subgroup H of G as above admits a cocompact 
model for and is virtually torsion-free. 

Remark 3.7. For the action of G on S, the stabilizer of the vertex Wt is 
the semidirect product Wt x Qt, where Qt '.= {q & Q '. q{T) = T}. If Q 
acts admissibly on L then Qt fixes each element of T and the stabilizer is the 
direct product Wt x Qt • Similarly, the stabilizer of the vertex wWt is the direct 
product wWtw~^ x wQtw~^ . Note in particular that the image of the stabilizer 
under the quotient map G ^ GjW = Q depends only on T, and not on w. 

Lemma 3.8. Let N be a finite index normal subgroup o/lT®''. There is an 
isomorphism ip from the relative chain complex Ct.{GL',L') to a direct sum¬ 
mand of the simplicial chain complex G*(E/iV). This isomorphism is natural 
for automorphisms of L that preserve N. It is also natural for the inclusion 
of subcomplexes in L and the corresponding W/N-invariant subcomplexes of the 
cubical structure on S/TV. 

Proof. The cone GL' is the realization of the poset of spherical subsets of S, with 
cone point the empty set 0. For a a simplex of GL', tp{a) in G*(S/A^) will be 
the signed sum of its |IT/A^| inverse images under the map H/N —5- S/IT = GL'. 
The signs will ensure that simplices of GL' that do not contain 0 as a vertex 
map to zero. 

In more detail, fix a transversal wi,..., Wm to N in W, and for a a simplex 
of CL', viewed as a chain a = {Tq < Ti < ■ ■ ■ < Tfi) of spherical subsets, define 

m m 

V'(o') = < • • • < WiWTr)- 

i=l i=l 

Here l{w) denotes the length of re as a word in S. For any n G N, l{wn) — liw) 
is even, and so the sum above does not depend on the choice of transversal. The 
above formula clearly describes a chain map from G*(GL') to G*(S/A^). Now 
if r is a non-empty spherical subset of S, Wt contains equal numbers of words 
of odd and even length, and hence so does its image Wt/(1Tt 0 N) < W/N. 
Equivalently, any transversal to Wt 0 in Wt contains equal numbers of words 
of odd and even length. It follows that if Tq 0, then ip{a) = 0. Hence the 
formula given above defines a chain map ip : Ct.{CL',L') -G G*(S/TV). This 
clearly has the claimed naturality properties. 

It remains to exhibit a splitting map (p : Ct.{E/N) -G Ct.{CL', L'). This uses 
a ‘simplicial excision map’. Let v be the image of M/j G E in 'E/N, and let X 
be the subcomplex of 'E/N consisting of all simplices that do not have u as a 
vertex. There is a natural bijection between simplices of CL' containing the 
cone vertex and simplices of S/TV containing v. This induces an isomorphism 
G*(S/TV, A) = Cf:{CL', L') and (p is defined as the composite of this with the 
map G*(S/TV) G*(S/TV, A). To check that (p o ip is the identity map on 
C^.{CL', L'), let cr = (To < Ti < • • • < TQ be any r-simplex of CL'. If Tq 7 ^ 0 



then we already know that 4> o '(/'(ct) = (j){0) = 0, and so the given formula for 
(j) o ip does define a self-map of C'*(C'L', L'). On the other hand, if Tq = 0 then 
^(cr) contains m = \W : A^| distinct signed simplices, exactly one of which has 
V = W 0 as a vertex rather than some other coset of furthermore this simplex 
appears with sign -|- 1 . It follows that in this case 4>oTp{a) = a, confirming that 
(j> otjj is the identity map of Ct{CL', L'). □ 

Corollary 3.9. With notation as above, let K be a subcomplex of L, and let 
E(if) be the (barycentric subdivision of the) cubical Wl- subcomplex of H asso¬ 
ciated to K. There is a natural isomorphism ip from the relative chain complex 
C^,{CL', L' U CK') to a direct summand of the relative simplicial chain complex 

Proof. Cif{CK', K') is a subcomplex of Ct,{CL', L') and the corresponding quo¬ 
tient is C.t{CL', L'UCK'). Similarly, C^:{'P{K)/N) is a subcomplex of 
with C'*(E/-/V, )/iV) the corresponding quotient. 

By naturality of ip and p we get a diagram as follows, in which the two 
left-hand squares with the same label on both vertical sides commute and such 
that the two composites labelled pop; are equal to the relevant identity maps. 
A diagram chase shows that there are unique maps ip and p corresponding to 
the dotted vertical arrows that make the right-hand squares with the same label 
on both vertical sides commute, and that these maps also satisfy p o p = 1. 

0-^ CPCK, K') -^ CfyCL', L') -^ CfyCL', L' U CK') -^ 0 

A \ 

0111/’ 

\ y 

0 -^ CP'P{K)/N) -^ CPE/N) -^ C^E/N, ^{K)/N) -^ 0 



□ 


4 Proof of Theorem 11.11 

As in the statement of Theorem ll.il let L be a finite n-dimensional flag complex 
equipped with an admissible simplicial action of a finite group Q, let {W, S) = 
{Wl, Sl) be the associated right-angled Coxeter system, let iV be a finite-index 
subgroup of W that is normalized by Q, and let G be the semidirect product 
G = N xQ. 

Proof of Theorem 11.11 Note that G may be viewed as a finite-index subgroup 
of the semidirect product W x Q. Under these hypotheses, we already see from 
Corollary 13.51 that the Davis complex E is a cocompact (n -I- l)-dimensional 
model for AG, and that G is virtually torsion-free. 

Using the hypothesis that L is acyclic, we see that the subcomplex 
of S consisting of those points whose stabilizer in W is non-trivial is acyclic by 
Lemma 13.41 In this case any finite-index torsion-free subgroup of G acts freely 
on the acyclic n-dimensional complex , which implies that vcdG < n. 

For the remainder of the proof it will be convenient to define K := 
the subcomplex of Q-singular points in L. (We warn the reader that our use of 
‘A’ is different to that in [111 ch. 7-8].) 

Next we show that cdG > n -I- 1. Since has index 2 in kU and is clearly 
Q-invariant, we see that {N fl IF®'') x Q is a subgroup of G of index at most 2. 
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Hence without loss of generality we may assume that N < Now consider 

the family W of finite subgroups of G, consisting of those finite subgroups that 
are contained in N, or equivalently the hnite subgroups that map to the trivial 
subgroup under the factor map G ^ Q. The stabilizers in IT x Q of vertices 
of E are described in Remark EH and by intersecting with G = N x Q we get 
a similar description of stabilizers in G: the stabilizer of the vertex wWt is 
the direct product of the intersection N fl wWtw~^ and a subgroup that maps 
isomorphically to Qt, the stabilizer in Q of the vertex T of GL'. It follows that 
S^-ing 

is equal to the inverse image in E of the Q-singular set GK' in E/IT = 
GL'. Hence E^-"“s is the IT-invariant subcomplex of the cubical structure on 
E that corresponds (under the map of Proposition 13.111 to K = Using 

Corollarv l3. 91 applied in this case, we see that iJ”+^(E/A^, E'^“®™®/iV) admits a 
split surjection onto L' U CK'), which is isomorphic to K) — 

L®™®) by excision. Proposition 12.11 finishes the argument. 

To show that vcdG = n when L is a barycentric subdivision, we use the 
calculation of the cohomology of W with free coefficients as described in [111 
section 8.5]. If is a vertex of L that corresponds to the barycentre of an n- 
dimensional cell, then L — v is homotopy equivalent to the subcomplex obtained 
from L by removing the (interior of the) n-dimensional cell. Hence we see that 
-v)^Z, and so by dH cor. 8.5.3], iJ"(IT;ZIU) contains a free abelian 
summand. 

Now we show that vcdG = n in the case when K = L®™® is a full subcomplex 
of L. From the long exact sequence for the pair (L, K) we see that i?"’“^(iF) ^ 
0, and hence H''^{GK,K) ^ 0. Lemma 13.81 applied to the Coxeter group 
Wk and its finite-index torsion-free subgroup shows that iL"(IT)f;Z) = 
iL"(Ei^/m(f) contains a summand isomorphic to H'^{GK,K) and so is not 
zero. (Here we use E^ to denote Yi{WktSk) since we reserve E to stand for 
E(ILi, Sl) ) Since RT is a full subcomplex of L, the Coxeter group Wk is nat¬ 
urally a subgroup of Wl < G, and hence vcdG > vcAW k > n. 

The general case of Theorem 11.11 follows from the case described above, 
but since we will make extensive use of the Kiinneth theorem it is helpful 
to work with cohomology with coefficients in a finite field rather than inte¬ 
gral cohomology. Since L is finite and n-dimensional, the hypothesis that 
iL”(L,L®™®) 7 ^ 0 is equivalent to the existence of a prime p for which the 
mod-p cohomology group iL”(L, L®™®;Fp) ^ 0. Similarly, the hypothesis that 
®lLi {Li, 7 ^ 0 is equivalent to the existence of a single prime p such 

that for each i, iL”‘(Li,L^“®;Fp) 7 ^ 0. For the remainder of the proof, we fix 
such a prime. The mod-p analogues of Proposition 12.11 and Corollary 13.91 are 
easily deduced from the integral versions. 

Now let each Gi be defined as above in terms of Li, Qi, rii and Ni < IT, 
and define F := Gi x ■ • • x Gm, Q = Qi x • • ■ x Qm, and W := Wi x • • • x Wm- 
Finally, let n := The direct product E := Ei x ■ • ■ x E^ is a cocompact 

model for ET of dimension rn -I- n, and so cdF < rn -I- n. Also the direct product 
E™® X • • • X E™® is an acyclic n-dimensional simplicial complex admitting a 
proper F-action, which implies that vcdF < n. 

The lower bounds also work just as in the case m = 1; first we consider 
cdF. If we define W to be the family of finite subgroups of F that are contained 
in W, then a point x = (a;i,... ,Xm) G E = Ei x • • • x E^, is in if 

and only if there is an i so that Xi € Hence we see that if we define 
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N := Ni X ■■■ X Nrm then 


S'^-sing = (J Si X • • • X X • • • X S™, 

and by the relative Kiinneth Formula S^"®'"g/7V; Fp) contains a 

direct summand isomorphic to i Fp), which is 

non-zero since it contains a summand isomorphic to 

m mm 

(g) u CK,; Fp) (g) (L^, X,; Fp) = g) (L„ if ®; Fp). 

2=1 2=1 2 = 1 

To give a lower bound for vcdF, start by considering the two extra hy¬ 
potheses separately for each i. If is a barycentric subdivision, then as above 
H'^*{Wi]'LWi) contains a free abelian summand, and so by the universal coeffi¬ 
cient theorem H'^'{Wi\¥ pWi) 7 ^ 0. If instead Ki := L™® is a full subcomplex of 
Li, then iJ"*(IF7;Fp) 7 ^ 0 as above. There is a surjective homomorphism from 
FpIT/ onto Fp and hence a short exact sequence of FpIT/ modules 

0 ^ ^ FptF^' ^ Fp 0 

for suitable I. The corresponding long exact sequence in cohomology implies 
that iJ"‘ (IF/; FpIF/) H^' (IF/; Fp) is surjective, since its cokernel is contained 
in H^'+^(W';I) = 0. It follows that LI"-(IF,;FpVF) ^ H^'iW';¥pW') ^ 0. 
Since IF acts cocompactly on E = Ei x • • ■ x E^, the universal coefficient theorem 
for cohomology with compact supports may be applied [TTl 8.5.9]. Hence 

m 

LI”(IF;FpIF) = gLI"^(IF,;FpIF,) ^ 0, 

2=1 

showing that vcdF > n as required. □ 

5 Examples 

In this section we construct sufficiently many examples of finite groups Q and 
Q-CW-complexes L to establish Corollary 11.21 First we collect some results 
concerning triangulations. 

Proposition 5.1. Any finite Q-CW-complex is equivariantly homotopy equiv¬ 
alent to a finite simplicial complex of the same dimension with an admissible 
Q-action. If L is any simplicial complex with Q-action, the Q-action on the 
barycentric subdivision L' of L is admissible. For any admissible action of Q on 
L, L®™g is a subcomplex. If M < L is any subcomplex of a simplicial complex 
L, then its barycentric subdivion M' is a full subcomplex of the flag complex L'. 

Proof. The first claim follows easily from the simplicial approximation theorem. 
Simplices of L' correspond to chains in the poset of simplices of L; since Q acts 
as automorphisms of this poset the action on L' is admissible. For an admissible 
action of Q on L, a simplex of L is fixed hy H < Q ii and only if each of its 
vertices is fixed. Hence each is the full subcomplex on the H-fixed vertices, 
and L®™® = Ui<_f/<Q ^ subcomplex. Finally if M is any subcomplex of 

L, the poset of simplices of M is a subposet of the poset of simplices of L, and 
so M' is a full subcomplex of L'. □ 
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Example 1. Let Q be the alternating group and define a Q-CW-complex 
as follows. For the 1-skeleton of L take the complete graph on five vertices, 
with the natural action oi Q = A^. In ^ 5 , the 24 elements of order five split into 
two conjugacy classes of size 12, and any element g of order 5 is conjugate to g~^ 
(but is not conjugate to g"^ or g^). Define L by using one of the two conjugacy 
classes of 5-cycles to describe attaching maps for six pentagonal 2-cells. By 
construction there is a Q-action without a global fixed point and it is easily 
checked that L is acyclic. In fact, is isomorphic to SL{2,5), the unique 

perfect group of order 120, and L is isomorphic to the 2-skeleton of the Poincare 
homology sphere 0 L 8 ]. The singular set for the Q-action consists of the 1- 
skeleton and the five lines of symmetry of each pentagonal 2-cell. Equivalently 
the singular set is the 1-skeleton of the barycentric subdivision of L (i.e., the 
simplicial complex with 21 vertices coming from the poset of faces of L). In 
particular H^{L, ^ 0. For this 21-vertex triangulation, is not a full 

subcomplex of L. This could be rectified by taking a finer triangulation, but 
instead note that L is the barycentric subdivision of a polygonal complex. By 
taking each Qi to be A^ and each Li to be this 21-vertex triangulation of L, we 
obtain groups T^ having the properties stated in the first part of Corollary 1 1.2 1 

Example 2. Fix distinct primes p and q, and let Q be cyclic of order q, 
generated by g. For the Q-fixed point set , take a mod-p Moore space M(l,p). 
This space has a CW-structure with 1-skeletoii a circle and one 2-cell /. The 

2- cell / is attached to the circle via a map of degree p. Now define by adding 
on a free Q-orbit of 2 -cells /o,...,/q_i, where fi = g^fo, so that each fi is 
attached to the circle by a degree one map. is simply connected, and H 2 {L‘^) 
is a free ZQ-module of rank one, since it has a Z-basis given by the elements 

2=^0 2—0 

for 0 < j < q, and g^eo = ej for each j. Make L by attaching a free Q-orbit of 

3- cells to kill each ej, so that L is acyclic (and also contractible). The long exact 

sequence for the pair = (L, implies that H^{L,L^) = Z/p. To 

establish the second part of Corollary 1 1.2 1 we take each Qi to be cyclic of order 
qi, take each Li to be a suitable triangulation of the above Qi-CW-complex 
for some fixed choice of p, and take Ni to be the commutator subgroup of the 
Coxeter group Wi := Wl-. For any such choice, we obtain a group Am as in 
the statement. To ensure that Am contains only cyclic finite subgroups we must 
take the primes qi all distinct, whereas to ensure that Am contains only abelian 
finite subgroups of exponent q we take qi = q for all i. 

6 Contractibility and acyclicity 

In [5], it was shown that certain right-angled Coxeter groups W have the prop¬ 
erty that vcdlF = cdW = 2 < gdW = 3. In this section we improve this result 
by showing that for these same groups there is no 2 -dimensional contractible 
proper IT-CW-complex. 

We will use a few subsidiary results in the proof. Results similar to Proposi- 
tions l6.1l and l6.2l aDDear in [2], and with extra hypotheses in [IS]. Proposition lb.dl 
is a corollary of the celebrated Gerstenhaber-Rothaus theorem m- 
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Proposition 6.1. If Y is a subcomplex of a 2-dimensional acyclic complex, 
then H 2 (Y) = 0 and each Hi(Y) is free abelian. 

Proof. If Y is any subcomplex of an n-dimensional acyclic complex Z, then 
consideration of the homology long exact sequence for the pair (Z,Y) shows 
that HniY) is trivial and that Hn-i{Y) is free abelian. Since Hq is always free 
abelian, the case n = 2 gives the claimed result. □ 

Proposition 6.2. Let Q he a finite soluble group and let X be a 2-dimensional 
acyclic Q-CW-complex. Then the fixed point set is also acyclic. 

Proof. The finite soluble group Q has a normal subgroup N of prime index, 
the factor group Q/N acts on the iV-fixed point set X^, and the equality 
X^ = holds. Hence it suffices to consider the case in which Q has 

prime order. 

By the P. A. Smith theorem, X^ is mod-p acyclic in the case when Q has 
order p. By the previous proposition, Hi[X^) is free abelian for all i. By the 
universal coefficient theorem, the rank of the ith mod-p homology group of X^ 
is equal to the rank of Hi{X^). Hence X^ must be acyclic. □ 

Proposition 6.3. Let T be a group and p : P —>■ U{n) be a unitary representa¬ 
tion ofV. Define P := P * {xi,... ,Xr)/{{wi,... ,Wr)) where each Wi is a word 
in elements of P and xi,... ,Xr. Let dij be the total exponent of Xj in Wi and 
set d = det{dij). If d^ 0, then p extends to a representation p : P —> U(n). 

Proof. Extending p to a representation of P is equivalent to finding solutions 
Xi € U{n) to the system of equations wi = ■ ■ ■ = Wr = 1. Here Wi is the word 
in elements of U{n) and variables xi,... ,Xr corresponding to the word Wi. In 
more detail, the elements of U (n) appearing in Wi are obtained by applying p 
to the elements of P appearing in the word Wi, while each occurrence of Xi is 
replaced by Xi. When such a solution has been found, we may define p{xi) := Xi. 
The existence of a solution to this system is established in [Thl theorem 1]. □ 

We recall that the nerve of a covering is the simplicial complex whose vertices 
are the sets in the cover, and whose simplices are the finite collections with a 
non-empty intersection [171 section 3.3]. 

Lemma 6.4. Let X be a CW-complex, let S be a finite indexing set, and let 
A(s) be a suhcomplex of X such that each A(s) is acyclic and each intersection 
of X(s) ’s is either empty or acyclic. Define 

X* := y A(s), 

seS 

and let \J\f\ be the realization of the nerve of the covering of X^ by the subcom¬ 
plexes A(s). There is a map f : X"^ lA/”] which is a homology isomorphism 

and induces a surjection of fundamental groups. 

Proof. In the case when each intersection of A(s)’s is either contractible or 
empty, it is well-known that there is a homotopy equivalence / : —>■ lA/”] [171 

4.G, Ex. 4]. We use Quillen’s plus construction to reduce to this case. 

For T C S, define X{T) to be the intersection X{T) = A(s). Suppose 

that {7 C S' is such that X{U) is non-empty. In this case, since X{U) is acyclic 
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we can find a set Au of 2 -cells with attaching maps from the boundary of 
the 2-cell to X{U) so that each attaching map represents a conjugacy class of 
commutators in tti{X{U)) and so that the fundamental group of the resulting 
complex X{U) is trivial. Moreover, there is a set Bjj of 3-cells and attaching 
maps from the boundary of the 3-cell to X(U) so that the resulting complex Xjj 
contains X(U) as a subcomplex, is simply-connected, and such that the inclusion 
oi X{U) into Xjj is a homology isomorphism. Define Y by attaching to X 2- and 
3-cells indexed by Wjj Ajj and Wjj Bjj respectively. Define a subcomplex Y{s) 
of Y by attaching to X(s) the 2- and 3-cells indexed by Osgjy Au and U.ec/ Bu 
respectively. Finally define Y{T) := nsGT^('^)! UseS^(®)- 

nerve of the covering of Y"^ by the subcomplexes l^(s) is naturally isomorphic 
to Af. A Mayer-Vietoris spectral sequence argument shows that the inclusion 
X* ^ Y* is a homology isomorphism, and this map induces a surjection 
7 ri(A^) —>■ 'Ki{Y"^) because the 1 -skeleta of and Y"^ are equal. □ 

It is also possible to prove the above result directly using the Mayer-Vietoris 
spectral sequence and the van Kampen theorem to keep track of the homology 
and fundamental group respectively. 

Proof of Theorem M.A The Davis complex E = Y{Wu, Su) is a cocompact 3- 
dimensioiial model for EWu- Since L is acyclic, E®'"® is a 2-dimensioiial acyclic 
proper IkL-CW-complex in which the fixed point set for any non-trivial finite 
subgroup is contractible. This suffices to show that cdWr. = 2. 

Now suppose that X is any contractible proper 2-dimensioiial Wl-CW- 
complex. Let S = Su, and define X"^ as the union of the fixed point sets 
A®: X^ := construction, the realization of the nerve of the cov¬ 

ering of A^ by the sets A® is equal to L. By Propostion 16.21 for each T C S 
that spans a simplex of L the subset 

X{T) := Pi A® = A<^> 

sGT 

is acyclic, and for each T that does not span a simplex of L, X{T) is empty. By 
Lemma [6.41 it follows that A"^ is acyclic and that there is a natural surjection 
(j) : 7 ri(A^) ^ 7 ri(L). Define p' := pocj) : 7 ri(A'^) —>■ U{n), a non-trivial unitary 
representation of 7 ri(A'^). We use this representation to obtain a contradiction. 

Pick g S 7 ri(A'^) so that p'{g) ^ 1. Since A is contractible, there exists a 
connected subcomplex Ai of A with A"^ C Ai such that X\ — X"^ comprises 
only finitely many cells, and such that g maps to the identity element of 7 ri(Ai). 
By Proposition l 6 .ll H 2 {Xi) = 0, and iLi(Ai) is free abelian. In general Ai — A^ 
will contain some 0 -cells; by contracting some of the 1 -cells in Ai — A# we may 
get rid of these extra 0-cells without changing the homotopy type. In this 
way we replace Ai by a complex A 2 with the following properties: X"^ C A 2 ; 
Hi{X 2 ) is free abelian and H 2 {X 2 ) = { 0 }; A 2 consists of A"^ with finitely 
many 1- and 2 -cells added; g is in the kernel of the map 7 ri(A'^) —>• 7 ri(A 2 ). 
Unlike Ai, X 2 is not a subcomplex of A but this is irrelevant. Since X 2 is 
made by attaching finitely many cells to the acyclic complex A"^, note that 
Hi{X 2 ) is free abelian of finite rank. Now make A 3 by attaching 2-cells to 
exactly kill Hi{X 2 ). Thus A 3 is an acyclic 2-complex, obtained by attaching 
the same finite number, r say, of 1- and 2-cells to A"^. If we write P = 7 ri(A'^) 
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and r := 'Ki{X^), then the relationship between F and F is exactly as in the 
hypotheses of Proposition 16.31 Here, the group generator Xi G F corresponds to 
a based loop in that remains in X"^ except that it travels once along the ith 
of the r new 1-cells, and the word Wi spells out the attaching map for the ith of 
the r new 2-cells as a word in the elements of F and the new loops Xj. Moreover, 
since X"^ and X 3 are both acyclic, the relative homology groups Hi{X^^X"^) 
all vanish, which tells us that the determinant d appearing in the statement of 
Proposition 16.31 is equal to ±1. Now Proposition 16.31 can be applied and tells 
us that the representation p' : 7ri(JF^) ^ U{n) extends to a representation 
p : ■ni{X^) —>■ U{n). However, this contradicts the fact that p'{g) ^ 1, while g 
maps to the identity in 7ri(X3). □ 

Remark 6.5. As an example of a suitable L, take a flag triangulation of the 
2-skeleton of the Poincare homology sphere (which was discussed in the previous 
section); here there is a faithful representation p : = SL(2, 5) U{2). 

Remark 6.6. There is a version of Brown’s question that remains open: for 
m > 2, is there a virtually torsion-free group G such that vcdG = m but there 
exists no contractible m-dimensional proper G-CW-complex? 
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